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Analytical Space Trajectories for Extremal Motion
with Low-Thrust Exhaust-Modulated Propulsion

Robert H. Bishop* and Dilmurat M. Azimov'
University of Texas at Austin, Austin, Texas 78712

Optimal trajectories for spacecraft with power-limited propulsion are considered. Analytical solutions that
describe motion along spiral trajectories are obtained for spacecraft with low-thrust propulsion. It is shown that
the product of the specific impulse and the mass remains constant during the motion and that the spacecraft
position is highly dependent on final value of the angle between thrust and local horizon. Minimization of the
integral of thrust acceleration squared implies the minimization of the total transfer time. As an illustration of the
solution process, the problem of transfer between elliptical orbits is analyzed.

Nomenclature

= thrust acceleration vector

exhaust velocity

eccentricity

true anomaly

sea-level gravitational acceleration, km/s?
specific impulse, s

unit thrust vector

mass of spacecraft, kg

exhaust power, MW

maximum value of exhaust power, MW
semilatus rectum

position vector

flight time, s

control variables

velocity vector

state vector (position, velocity, mass)
mass flow rate, kg/s

auxiliary control variable

auxiliary control variable

vector conjugated to spacecraft’s position vector
primer vector conjugated to velocity vector
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A7 = multiplier conjugated to mass

u = gravitational parameter of central body, km?/s?
v = Lagrange multipliers

w = argumentof perigee, rad

Introduction

ETHODS for constructing optimal low-thrust (LT) trajecto-

ries for spacecraft using power-limited exhaust-modulated
propulsion systems is the topic of many papers; see for exam-
ple Refs. 1-13. Early investigations of Melbourne and Sauer' and
Melbournée® sought solutions utilizing calculus of variations ap-
proaches considering constant and variable thrust. Many research
effortsconsideringexhaust-modulatedpropulsionsystemsare based
on numerical solutions using direct or indirect approaches devel-
oped to solve boundary-valueproblems.>~!! The advantage of indi-
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rect methods is that they yield a set of necessary conditions that
describe a local extremum of the minimizing functional. A di-
rect method based on differential inclusion concepts* was used by
Coverstone-Carrolland Williams® to compute LT constant specific
impulsetrajectoriesfor Earth-Mars and Earth-Jupitertransfers with
one coast arc and for variable specific impulse Earth-Venus-Mars
transfers employing unpowered gravity assist at Venus. A direct tra-
jectory method utilized by Kluever’ replaces the optimal control
problem with a nonlinear programming problem that can be solved
by sequential quadratic programming assuming that the specific
impulse and thrust are constants. Minimum-time continuous thrust
orbit transfer problems and minimum-time Mars capture problems
have been considered by shooting, collocation methods, and non-
linear programming *~8 The fuel-optimal trajectories for spacecraft
using variable thrustpropulsionsystems have been consideredin the
works of Chang-Diazetal.,” Vadalietal.,'” and Bradenetal.!! When
numericalmethods are used, the computationof optimal Earth-Mars
trajectories includes the gravitational effects of the sun, Earth, and
Mars. The references mentioned are obviously not a complete list-
ing of the available papers utilizing numerical methods, but it is
clear that most of the effort in recent years has been oriented to-
ward the use of numerical optimization techniques. A much smaller
group of papers appearing in the literature utilizes analytical meth-
ods employing problem-dependentapproximations and simplifica-
tions. The work by Grodzovskii et al.!? deals with the selection of
optimal relations between the weight components of the spacecraft
and optimal control of the propulsion system and determination
of the set of optimal flight trajectories. Grodzovskii et al. showed
that the variational equations may be solved by linearization of the
equationsof motion in the neighborhoodof a certainplane Keplerian
trajectory, known as the transporting trajectory, which satisfies the
boundary conditions. Markopoulos'* showed that the assumption
that the thrust is tangent of the flight-path angle allows a complete
analytical solution of the system of state and costate equations.
This paper is devoted mainly to the analytical investigation of
optimal trajectories of a spacecraft with a LT exhaust-modulated
propulsionsystem. It will be shown thatone class of extremalscan be
characterizedby analyticalsolutionsof the 14th-ordercanonicalsys-
tem of equationsof the variational problem. These solutionsdescribe
spiral trajectories about the center of attraction and may be used in
the minimum-fuel expenditure problem of transfer between ellipti-
cal orbits. In the following sections, the underlyingequations of mo-
tion and the performance functional are described. Analytical solu-
tions are then developedfor the planarmotion case and applied to the
problem of transfering between elliptic orbits using a spiraling tra-
jectory. The paper concludes with a numerical example illustrating
the elliptic orbit transfer solution using optimal spiraling transfers.

Problem Statement
The variational problem of determining optimal trajectories of
a spacecraft moving in a central Newtonian gravity field can be
formulated in the following manner. Consider the spacecraft with
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mass m, the motion of which is described by the continuous vec-
tor functions position r and velocity v. The spacecraft is powered
by an LT, variable specific impulse propulsion system with exhaust
velocity ¢, mass flow rate 8 (with maximal value ), exhaust power

P = Bc? /2 (with maximal value P),and specific impulse /,, where

I in < Ip < Iy . The dynamic equations of motion can be given
agl-14
x =[x u) M
with
v
r 2P
—(u/rHr+ I
xX=1v S u) = W/ I,gm
m _2r
Isngz
l
u=|P
Iy

where I =[l, l,,15]" is the piecewise continuous unit thrust vector
and u is the control input vector.

The objectiveis to transfer the spacecraftin a fixed time from the
initial state at £y,

r(fy) =ro v(fh) = vo m(ty) = my (2)
to the final state at ¢,
) =r v(t) = v (3)
while minimizing the performance index:
1"
J=3 f a*(t)dt @)

fo
subject to the control constraints

hy:=F+05+13-1=0, hy:=P(P —P)—y?=0

h3 = (ISPmax - ISP) (ISP - ISPmin) - r}z =0 (5)
where
a=cB/m=2P/l,gm

is the magnitude of the accelerationdue to thrust. In this case, u is
augmented to include  and y, so thatnow u=[I" P L, n y]".

The stationarity conditions (or Euler-Lagrange equations) may
be expressed as '

T T T T

N L N KLY | & oh |

A [ L] a-[2] vmo L] as[2] 0=
(6)

where v(vy, 15, v3) are the Lagrange multipliers, A = [)\rT, )\5, A7,
and the components of k= [k, h,, h;]" are given in Eq. (5). From
the conditions of stationarity of the performance index, we obtain
the corner conditions
_ Tove _ (y\Ts
N; =Wy, ATh); = o)y, (7)
where the superscript* denotes the corner and the subscriptsz_ and
t, are immediately before and after the corner, respectively. The
endpoint conditions (or transversality conditions) are'4

A(t) + — —\'x=0 ®)

)

0
am(t)

where subscript 1 denotes the final time of the flight.

The stationarity conditions given in Eq. (6) can be expressed in
the following compact way:

A= /X, = 3u/rH)(Alr)r,
hr = QPJ/emP)AL (10
—Q/em)AI T+ (2/c*)hq + vy (P —2P) =0

QP /m)N L — (4P /) + (vs/9)(I

SPmax

-2 + ISPman) =0

—QP/cm)A, +2v1 =0, —2yv, =0, —2nv; =0
(11)

where
c=I,g (12)

The third equation of Eq. (11) implies that the vector A, is parallel
to the direction of thrust/, that is,

1=\ /M,

From the Weierstrass condition, it follows that'*

PN m — s fc) = (P/S(NT/m —37/8)  (13)

where 13, c, and] are admissible values. Supposethatc =c¢ andl = A

that is, let ¢ and I assume their optimal values. Then the switching
function, denoted by x, and given by'*

X = )‘v/m - )‘7/6
is a continuous function, and from Eq. (13) it follows that
(x/e)(P = P)=0 (14)

Then, taking into account the continuity of A’ x and using Eq. (14),
we conclude that P = P when x >0, P=0 when x <0,and 0 <
P < P when x =0.

Depending on the specific values of y and v,, it follows from
Eq. (11) thatthe optimal trajectorymay consistof arcs of three types:
1) coasting (or null thrust) arcs with P =0 when y =0 and v, #0,
2) maximum power arcs with P =P when y =0 and v, #0, and
3) variable power arcs with 0 < P < P when y #0 and v, = 0. In
addition, depending on 7 and v, and considering Egs. (5) and (12),
the followingconditionsfor ¢ may exist: 1) constantexhaustvelocity
with ¢ =cpa OF ¢ =cCpin When 7 =0 and v; #0 and 2) variable
exhaust velocity with ¢, < ¢ < cpax When n # 0 and v = 0. Within
the contextof the given problem statement, there are many classesof
trajectory optimization problems that can be considered. One class
of trajectory optimization problems corresponds to variable power
0 < P < P with y #0 and v, = 0 and constantexhaust velocity, that
18, € = Cpyin OF € = Cpyc. Corresponding analytical solutions for this
case may exist, but are not investigated here. Another important
class of trajectory optimization problems correspondsto y =0 and
v, #0, which implies P =0 or P = P. In the well-known case of
P =0, the corresponding motion along the coasting arc may be
described entirely analytically. The case of P =P with constant
exhaust velocity is similar to the trajectory optimization problem
using maximal thrust arcs'> and is a different topic entirely from
the one addressed here. Note that these problems are similar to the
problem of motion with constant exhaust velocity (c =const) and
limited mass flow rate 0 < 8 < 8, where 8 = —m. It was shown that
in the case of intermediate values of 8, several classes of analytical
solutions for intermediate thrust arcs exist.!®!7

The class of trajectory optimization problem considered in
this paper corresponds to the case of P =P and ¢y, < € < Cpax-
This implies that  # 0 and v; = 0. From the stationarity conditions
one can deduce that

Ap/m —2(A7/c) =0 (15)
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With the definition
b := rym?® (16)
we can utilize Eq. (15) to obtain the relationship
c=2b/r,m an

With the preceding expression for c, it follows that the thrustaccel-
eration is given by

a= Q2P/I,gm)l = (2P /I,gm)(\,/*,) = (P/b)X,  (18)

It can be verified that b is an integration constant.
It can be shown that, in general, the equations of motion Eq. (1)
and the stationarity conditions Eq. (6) may be rewritten in canonical

form as
T T
oH . oH
x=|—1, A= —|— 19
o |:8)\i| |:8xi| (19)

with the Hamiltonian
H=f"X=—(u/r)Xr+X'v+ (P/2b))?

For the case of planar motion in polar coordinate system, we have

r(r; 0),

v(vi; v2), (A5 A2)

Ar[Aas A (ua/r) = da(ui /1) + As/r]
Thus, Eq. (19) can be rewritten and expanded, yielding

0= (P/b)hy — pufrt +03[r, 0y = (P/b)hy — vivy/r

F=uy, 6 =uvy/r, m=—(P2b>)ym*2  (20)

M=2a0a/r) —hi ha = =20(0a/r) + Aa(vi/r) — As/r
g = A [v%/r2 — 2(u/r3)] — (vlvz/rz)kz — As (vz/rz)
As =0, Ay = (P /bm))? (21)

where

P w o v? P V1 V;
H=x|—x -"S=+=2)+1=r —
1(1) L2 r) 2(1) : r
V2 P oo
A I ——" 22
+ A4vp + 5r 72b2m v ( )

In addition to Eqgs. (17) and (18), the system in Egs. (20) and (21)
has the following first integrals'?:

P
—%){H Myt 2oal=C (23)
Ay — 2T — i 29 _
Vv =2r A, 52b A, dt = =3Ct + C, 24)
As =G (25)

where C, Cy, and C, are integration constants.

Computinganalyticalsolutionsto the canonicalsystemin Eq. (19)
requires one first integral. This integral is not currently known and
is a matter under continuing investigation. However, there are some
interesting classes of analytical solutions that can be obtained and
utilizedin trajectory optimizationand spacecraftguidance.One such
class of solutions is the topic of the remainder of this paper.

Analytical Solutions for Spiral LT Arcs

Denote the first integral in Eq. (23) for the Hamiltonian given in
Eq. (22) by y,, that is,

noi=—(u/rHXr+ Xy + (P/2b)A2 = C (26)

Similarly, denoting the first integral in Eq. (24) by y,, and using
Egs. (4) and (18) and the integral

a? P N 1 1
_dr = Wdr = — — —
2P 2b? v m  mg

— t o —
we obtain
va =Xy — 2" X, — 5b/m + 5b/m, + 3Ct = C, 27
Using Poisson brackets for Egs. (26) and (27), we compute

I By, Ay 3y, Iy Oy, Ay Bys
1, 1] = oy, ooy + Vi oY,  9Y19Y,
oA, dv v I, N, or or d,
P
=3ﬂ)\5r—3A,Tv+—A§=d
r3 b

whered is aconstant. Using Eq. (26) in conjunctionwith the Poisson
bracket yields

22 = (2b/5P)(d + 3C) = const

Therefore, we determine that A, is a constant. Note that using other
first integrals yields an identical result.
Utilizing the Hamiltonian in Eq. (22) and the integral for

A=A+

coupled with its first, second, and third derivatives with respect to
time yields the following invariant relations'®:

MiAg + Mda (0 /r) — A3 (i /1) + dods/r =0 (28)
A Daa/r) = Moo /r) + As/r1? =23 (u/r?) = 303 (u/r)
(29)
(22 = 502)v; + 20, (Mvy +Aovy) —4hker =0 (30)
From the equation for the mass it follows that
1/m = 1/mq + (P32 /2b%)t (2]

Utilizing Eqgs. (25-30), we obtain the solutionin terms of the angle
¢ between local horizon and thrust direction:

Ao
r? = —3uc—3 sin® (32)
3sin2
v = ——2 (33)
Ssin“ ¢ —3
3 — i 2
Syt S (34)
Ssin“ ¢ —3
Ay
hy = -2 (35)

r

where

Cs/hy = C/hy —(P/2)(A,/b). s :=%y(u/r)(1 —3sin’ ¢)
The expression for s implies the constraint that sin’ ¢ < % Hence,
the denominator of Egs. (33) and (34) is always negative. Also,
Eq. (32) implies that the sign of sing and C; are related, such
that, if sin ¢ < 0, then C; > 0. Conversely, if sin¢ > 0, then C; <O0.
Notice that s can be taken to be either + or —. In practice, the
sign of s selected depends on the problem statement. For example,
considering Eq. (33), we find that if sin2¢ > 0 and the range is
decreasing, then necessarily v; < 0; hence, +s must be used.
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To obtain the solutions for the time of flight and polar angle, we
use that

to obtain the solutions as function of ¢, as

P 1| 3scosp(l —5sin*g) C,
1 3—5sin’ ¢ Ay

(36)

1 3 1 3
6 == - = 0, 37
4<tan<pg +¢0> 4<tan<p +<p> + 6 (37)
where
Ci 3cosgpso(l — 5sin® @) . 5 Pa, 3C3
Ao 3 —5sin’ gy ’ ‘T2 Ao

The specific impulse g, is found from Eq. (17) to be

and the relationship between mass and specific impulse is given by

m()/mf = Isp.f/lsp.() (39)
The independent integration constants C, X, b, and ¢, in the ana-
lytical solution depend on the initial conditions. For example, using
Eq. (17) and that b and A, are constant, we have

b/hy=cm/2 = Ipgm/2 = I, 08mg/2

The dependentintegration constants C;, Cs, and f. follow from the
values of the independentintegration constants.

The expressions in Eqs. (32) and (37) can be used to illustrate
typical spiral trajectories. Consider a departure from an initial ellip-
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tic orbit with semilatusrectum p = 10,000 km, eccentricitye =0.1,
0y =0rad, ¢y = 0.05 rad, and C5 /1, = —1.50282e—06. This value
of C;/A, is taken from the numerical example presented in the
next section. The resulting spiral LT trajectories corresponding to
the final values ¢; =0.101, ¢, =0.15, ¢;=0.25, and ¢, =0.35
rad are shown in Fig. 1. As shown in Fig. 2, when the thrust an-
gle ¢ is increased from ¢, to ¢, = arcsin\/é, the range r increases
from

ro=v-3u0.,/Csin’ gy to 1y = \/—3M(kv/Ca) sin’ ¢
As shown in Fig. 3, the polar angle 6 increases from 6 to

0; = 1(3/tangy + @o) — (3 /tang; + @;) + 6,

5
4 . .
3+ ]
2 0 i
“
~ o L ]
1+ ]
0.5 - b
o s . s s s s
0 0.1 0.2 0.3 0.4 0.5 06 0.7
¢ (rad)
Fig. 2 Relationship between ¢ and r.
0 109179.4
150

20 178436.4

/—
150, \ 30

59478.8

210 330

240 _—30

270

Fig. 1 LT spiral trajectories for 8, =0, ¢; =0.05, and ¢, =0.101,0.15, 0.25, and 0.35.
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14

2L

0 (rad)

01 0.2 0.3 0.4 0.5 0.6 0.7

¢ (rad)
Fig. 3 Relationship between ¢ and 6.

As the thrust angle ¢ increases from ¢, to ¢, =arcsin\/§, the
velocity of the spacecraft decreases from

9sin® 2 3 —sin® @p)? |
vy = i <Po. 42_( Sin” ¢o) i(1 — 3sin? (pg)
(5sin” gy — 3)2 o

to v, =0. The final values 7/, 6, and v, correspond to an escape
along a spiral trajectory that unwinds about an attracting center in
the anticlockwise direction.

When the thrustangle ¢ is increased from gy =7 — arcsin\/% (or
decreased from m + arcsin\/%) to a specified ¢, the range r will
decrease from

ry =V =30, /C)sin' gy 1o 1y =1/=3u(,/C)sin’ o

The polar angle 6 will increase from 6, to

0; = (3/tangy + @) — (3 /tang, + ¢;) + 6,

and the velocity v will increase from v, to

9sin’ 2¢; + (3 — sin’ py)?
vy = - (pf_t( Sin_ ) i(1 — 3sin’ (pf)
(5sin” ¢y — 3)2 ro

The trajectory is a spiral which winds into the attracting center in
the anticlockwise direction.

From Egs. (33) and (34) it follows that the relationship between
the flight-path angle v and the thrust angle ¢ is given by

3sin2¢

tany = (40)

3 —sin’g@

Therefore, in situations where the thrust angle ¢ is small, we find
that the tangent of the flight-path angle is approximately equal to
twice the thrust angle, that is,

tany ~ 2¢ 41)

Note that Eq. (32) implies that sin ¢ # 0; otherwise r = 0. As shown
by Lawden'* when considering the free final-time problem, for mo-
tion on a circular orbit, ¢ = 0 at any junction. Therefore, a circular
orbit can not be enteredinto or departed from using the spiral LT arc
described. In the next section, it is shown that the class of spiral LT
arcs described can be used to transfer a spacecraftbetween elliptical
orbits.

f2=0 ©,=2.25 fi=0
90
) =1
First
Jjunction
point
180 0=0

Second
junction Low
point thrust arc

Initial

orbit

270

Fig. 4 Spiral LT transfer between two elliptic orbits.

Transfer Between Elliptic Orbits

Consider the free final-time (C = 0) minimum-fuel transfer prob-
lem between two elliptical orbits with (py, e;, @) and (pz, €2, w,),
respectively. In this section, we assume that the parameters of the
elliptical orbit are not specified. The scenariois illustrated in Fig. 4
Itis assumed that the initial and final positions of the spacecrafton
the boundary elliptical orbits are not fixed and that the transferis re-
alized using one LT arc. This assumption implies that the trajectory
being considered consists of two null thrust arcs, which are con-
nected by one LT arc. In other words, the transfer trajectory has two
junctions. The junctions are found using the continuity conditions
for the state vector and primer vector. According to Eq. (7), at the
junctions, the vectors r, v, and A, have to be continuous.'® There-
fore, using known formulas for elliptical motion and Egs. (32-35),
we obtain the following conditions of continuity at the first and
second junctions:

(w/p1)(1 +ercos fi) = xi1 [kT,  (u/piesin fi = xy [k¥

Pl/(1+€1005f1)=k%x31, 0= fi+w (42)

(u/p2)(1 + ey cos fr) = xlz/k%, (u/pr)essin fr = xzz/k%

p2/(1 +eycos fr) = k%x,%z
%(3/tan<p1 +(p1)—%(3/tan(p2+(pz)+90=f2+a)2 (43)

where k is an integration constant, and

T 5z,-3
d = — lﬂl—32,‘
1 A 6 Zi\/z—i»

From Eqs. (42) and (43), we obtain the equations

X1i

3z 62 — 2} 6
d; Xy = ————d; X3 = ?l—LZi«/Z_i

! SZ,‘—3

= sin® ©; i=1,2)

x2xl (0 +x2) [ —2xixy fu+ 11— =0, i=1,2

which serve to find the unknowns ¢; and ¢,. Figure 5 shows the
relationship between ¢ and e and shows that we can transfer from
an orbit with any eccentricity in the range 0 < e, < 1 to any other
orbit with eccentricity in the range 0 < e, < 1 without violating the
constraint sin* ¢ < %

Utilizing the formulas in Eqs. (42) and (43) we obtain

tan f, = ——22 i=1,2
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0 I I L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

z,sin () (i=1,2)

Fig. 5 Relationship between ¢ and the eccentricity of the transfer
orbit.

from which we can find f; and f,. Then,

«/E: P4

2 2
11431

Between the semilatus recta, the following constraint must be
satisfied:

P xilxil (44)
P2 XXy
This implies that we can specify any initial elliptic orbit with e,
and p; and reach any final elliptic orbit with given e, but with
P, satisfying the constraint in Eq. (44). Therefore, the value of p,
cannot be chosen freely.
Since k=b/A,, the initial specific impulse can be calculated

based on Egs. (38) to be
Iy, = 2k /gmy

The constant k and the boundary conditions given in Eqgs. (2)
and (3) allows us to calculate the remaining integration constants
given by

G 3di(—sz)(1—z2)?
Ay k¥ (3 — 5z)
c; P
A 2k
4p
f,=—
k

Consequently, the final time of the motion along the LT arc and final
mass can be computed with

=

1[3012(1 —52)(1—2)% g}
fe k13 - 52,) by

To compute A,, we apply the transversality condition in Eq. (8),
yielding

Ap=——T—=—

om,  m3
Then from the integral in Eq. (16), we have

b=A72m§ =1

Therefore, from equality (38), it follows that
A =2/ Ip,8mo = 1/k

The acceleration due to thrust can be determined using Eq. (18).
The componentsof the primer vector A, in the radial and transversal
directions at the first and second junctions can be computed by'*
A = Ay Sing;, Ay = A, COSQ;, i=1,2
The continuity conditionsfor the primer vector are formed by equat-
ing the corresponding components on the LT arc and the terminal
orbits ateach junction. These equationsallow us to obtain Lawden’s
integration constants that describe the primer vector on the initial
and final orbits '*:
Ai

B = ———, D; = [Ay — B;(1 + ¢; cos f)I(1 + e; cos f;)
e; sin f;

Numerical Example

Consider the free-final time (C = 0) minimum-fuel transfer prob-
lem between two specified elliptic orbits with parameters given as
follows: initial orbit p =10,000 km, e= 0.1, and w = 1.0 rad
and final orbit p =28,526.2016 km, e=0.2, and w=2.25 rad.
The initial mass is my=>52,500 kg and the propulsion sys-
tem characteristics'*!" are I, . =1000s, I, =35,000s, P=
10 MW with efficiency € =0.6. Assuming that the spacecraft
starts the transfer from the first junction at #;, =0 s, we deter-
mine that the transfer ends at the second junction after mak-
ing 1.19 revolutions around the center of attraction and spending
t, =223,627.68s (ort; =2.588 days). The low thrust transferchar-
acteristics are for the first junction, r =9991.54 km, 6 =2.58 rad,
¢ =0.05 rad, v; =0.632 km/s, v, =6.313 km/s, I, =7752.04 s,
and m =52,500 kg. For the second junction, r =28425.16 km,
60 =10.09 rad, ¢ =0.101 rad, v; =0.75 km/s, v, =3.738 km/s,
I, =7820.56 s, and m =52,040.046 kg. During the LT trans-
fer, the total velocity decreases from v;r =6.3450 km/s to v,y =
3.8126 km/s, while the specific impulse I, increases by 68.52 s.
Using the formulas for the perfomance index and magnitude of the
thrust acceleration, it can be computed that @ = 3.005 x 1076 km/s?
forall ¢ on the LT arc and 7 = 1.003 x 107% km?/s®. The spacecraft
uses 0.88% of the mass, while the thrustangleincreasesfrom 2.87 to
5.76 deg relative to local horizon. Utilizing the expression Eq. (40),
one can observe that the flight-path angle also increases from 5.72
to 11.28 deg. In this particular maneuver, the thrust is aligned ap-
proximatelyin the middle between the local horizon and the velocity
vector. This dependency can be seen from the time histories of these
angles shown in Fig. 6. The integration constants that characterize
the LT arc of the transfer trajectory, including Lawden’s constants
for the boundary orbits, can be easily found using the formulas given

0.2

g

= 018 | ]

=8

e

2 L _

©

3 0.12 | ]

o

2 Flight-path angle, w

& L _
0.08 | 1

| Thrust angle, ¢ |

0.04 : ' : :

0 1 2 25

5
Time, t (x 10 ) [s]
Fig. 6 Time histories of flight-path angle and thrust angle.
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in the preceding section. These constants are highly sensitive to the
initial conditions and can be determined only after the magnitude
of the primer vector becomes known.

Conclusions

The variational problem of determining an optimal trajectory
of a spacecraft equipped with a power-limited exhaust-modulated
propulsion system has been considered. Analytical solutions to the
problem expressed in terms of the thrust angle have been obtained
using first integrals of the canonical system of equations of mo-
tion and invariant relations. These solutions describe the motion
with LT along spiral trajectories around a center of attraction. It
was shown that the product of the specific impulse and the mass
remains constant on these trajectories and the spacecraft range is
highly dependenton the thrust angle. An example of an optimal LT
transfer between specified elliptical orbits was presented to illus-
trate the analytic solutions. As a result, from the general theory of
trajectory optimization, an optimal transfer between a LT spiral arc
and a circular orbit is impossible.
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